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e A simple renormalization problem, delta func-

tion potential in two dimensions.
TLQ
H = Zgzé(w (1)

look for bound state solutlons.

e there is a divergence!

e Work in the Fourier space, set E = —v2,
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Find the wave function, inverse Fourier, and

consistency equation:
ok (a;—a;)

¥l = a0 (a) /[ko] Fay,y @




Regroup these terms,
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We find a matrix equation,
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In2(z) is increasing starting from 0 to co as = —
0, Kg(x) is monotonically decreasing starting
from oo to O exponentially there is always one
intersection. Small x analysis reveals that there
are two intersections if

2he”
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e Ordinary eigenvalue equation is replaced by a
nonlinear matrix equation! (J. Hoppe MIT thesis
1980)

# (B. Altunkaynak and F. Erman) Abstract set-
ting:

H = Ho—> glfi >< fil, (11)
i

Find the Greens function which is the inverse of
this operator (H — z)~ 1.



e algebraic solution:

(Ho — 2)|¢ > —Zgim > filb >=|x >,

Y >= (Hg —2) " tx >

— Zgz‘(Ho —2) 7 >< fily >,

solvze for the unknown,
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—Zgi < fi1(Ho — 2) 7 fi >< filyp >,
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e the bound state solutions are coming from the
poles of the resolvent below the starting point
of the branch cut of the free part for the non-
compact case or below the poles of the free part
in the compact case.

e [ his allows us to pass to Riemannian Mani-
folds! Choose |f; > to be Gaussian bump func-
tions centered around some points a;, approach-
ing delta functions. A natural choice for a man-
ifold fi(x) = Kc(a;, x).



Laplace-Beltrami operator:

V2 = —%ai(gifﬁajx (14)

Introduce the Heat kernel,

t B2
Ki(z,y) =< z|e 5lam 29|y > (15)

Solves the Heat equation (Euclidean Schrodinger
Ean).
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Here,
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For stochastically complete manifolds(for exam-
ple compact manifolds):

/M dgr Ki(z,y) = 1 (16)

This means that the total heat content is pre-
served.

e [ heorem: Given a geodesically complete man-
ifold assume that for some point x we have

00 rdr
/R InV (x,r) - (17)

then the stochastic completeness holds.

On a product manifold M1 x Mo,

Ki(z,y) = KXY (21, 1) K (20,92)  (18)

Decay of the heat kernel, M noncompact:
Ki(x,y) - 0 as t — oo (19)

M compact:

Ky(z.y) — V(i\/l) ast— oo, (20)




e Free Greens function for Re(z) < 0,

(Ho—2)"1 = h/ EleDg (21)

should be continued analytically to its largest set
in the entire complex plane.

In general, it is possible to write for a positive
operator Hp a heat kernel,
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Heat kernel for R":
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Green’s function for R":
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Let us look at the diagonal term,

— o0 dt
6/2(a27 r) Ki(z, y)etZ/TLKE/Q(y, a;).

Reproducing property gives us

_ oo dt
61O = | T Kipeaia)e™ T (24)
Shift of integration variable shows that
_ dt
67O~ [ K a)e ™ (25)

e aS t — O"‘, we have the asymptotic expansion,

At~ 1 X it
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(26)
e The coefficients uy(x,z) are universal polyno-

mials in the curvature tensor and its covariant
derivatives. e.g.

ug(x,x) = %
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Choose,

1 1l oo it
g N em) == [ e Ki(apa)dt.  (27)

e this gives us
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e All the information contained in the resolvent:
How do we find the bound states? Density of
states? Meta principle:

normalizable

i) Pa(y)

R(z,ylz) = ) g
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generalized

# For bound states:
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dzR(zx, 29
270 Srnon (@.yl2)  (29)
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ff how do we know that the spectrum is bounded
from below? Resolvent!

e Gershgorin theorem: eigenvalues of a matrix
= [a;;] all lie in the discs:

n
J{AeC: X—ayl <D lagl} (31)
i=1 i

We want X (v) = 0 not to be an eigenvalue!

@i (—v2)] > Y |dyi(—v?)| for all d (32)
i



Is it possible to find a finite value of v satisfying
this condition? General observation:

14
Cbii(—l/Q) ~ In—, aS v — 090,
2%

O (—v2)| 2u [0 (vt
may = 77/, tK:(a;, a;)e F)dt > 0
and
|¢z‘j(—V2)| ~ e vUaia) 35 s oo
8P, (—v?)|

2u [0 (et
£y = _ﬁ/() tdth(ai,aj)e ) < 0.

As we increase v the inequality will be satisfied
for some value! Thus Eg > —(v*)?, energy is
bounded from below!

e Examples: 52
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(33)
u% = %. The function ¢ defined as

1

¢(z) =—5—H - H , (34)
N



here H, = ¢(z + 1) + v, where ¥(2) = 'I__/((g

e H?2 Case: Upper half-plane model, defined by
the metric

d(xay) |$_y|2

cosh =1+ : (35)
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Asymptotics,

e—I/ZC

Y(z)~Inz as z — 00, Qu(z) = as v — oo.

(37)
e a comparison theorem.
M (v) = (A™(v), d(—v2)A™(v)). (38)
By the Feynmann-Helmann theorem,
m 2
O2TW) 4w, 22 g,y
ov ov
OP;;(—v?)

— > —v2¢
5 = /O dt(2vt) K¢(a;, aj)e

the integral is finite in two and three dimensions
due to the short time behaviour of the heat ker-
nel.
ox_™m
(v) -

= 0. (39)

e Graphical interpretation spectral flow!

(40)

P yt1)x(N+1)(—V7) =




S1() < E1(r) < To(v) < ... < Zn() < Zyy1(v).

(41)
Sp(T) < () = 0 < Zp 1 (7)), Zp(vf) =0
for VZ > DZ.

Ep,= —vi < B, = —¢. (42)

e global bounds on the heat kernel (Li-Yau) for
nonnegative Ricci curvature.

Ki(z,y) < Cle) e
VV (@, VOV (3, VE)
Ki(w,y) > cle) S
VV (@, VOV (3, VE)
(43)

V(z,s) volume of the geodesic sphere of radius
s arond x. Special bounds, for example Cartan-
Hadamard manifolds(see below).

e How does the volume grow? For small r,
R(z)

2
SCE L] (44)

Vin(x,r) = "V (1)[1 —




e (Bishop-Gunther)Global estimates: a com-
plete n-dim Riemannian manifold, V(xz,r) the
volume of a ball which does not meet the cut
locus of z. V%(r) volume of a ball of radius r
in the complete simply connected Riemannian
manifold with constant curvature K,

1) if Ric(U,V) > (n— 1)ag(U,V),

V(z,r) < Vr) (45)
2)if K <b

Viz,r) > V(). (46)

e (Coulhon-Grigoryan) On a geodesically com-
plete Riemannian manifold assume that for some
point x and all » > 0,

V(z,2r) < CV(x,r) and for all t >0
Kt(xax)

VA

V(o VD) then, for all t >0
c(C)
V(z,Vt)
e question: when do we have upper bounds of

the form,

Ki(x,x)

'V

(47)

Ki(zr.2) < -2 7 (48)

F(¢)



(see the lectures by Grigoryan)

e Theorem (Coulhon-Grigoryan) Let M be
a geodesically complete Riemannian manifold.
Assume that for some point x € M and all r >

’I“(),
Viz,r) < CrN (49)
with some constants C and N. Then for all

t > to;
1

4V (x, K\/tInt)
where K > 0 depends on x,rg,C,N and tg =
maaz(r%,e).

Faber-Krahn inequality:
A () > V()™ (51)

where 2 is a closed and bounded domain in R"
and \1(€2) first eigenvalue of the Laplace oper-
ator. generalized FK:

A1(€2) > A[V(2)], (52)

where A is a decreasing function on (0,00), Q2 is
a precompact region in M.



e [ heorem: Assume that the manifold admits a
FK function A, define f(t) by

f) d
t=/ v (53)
0 vA(v)
Then for all t >0, x € M and € > 0, we have
e 1
Ki(x,z) < : (54)
F((1 —=e€)t)
—2/n
Example: A(v) = {U /mfort <1 then
v_2/m fort>1

e A manifold M admits the isoperimetric func-
tion I if for any precompact open set Q2 € M
with smooth boundary

o (0€2) > 1(V(£2)). (56)

» R admits the isoperimetric function wi/"nl—1/n.



# Theorem: Let I(v) be a nonnegative contin-
uous function on R4 such that I(v)/v is non-
increasing. Assume that M admits the isoper-
imteric fuction I. Then M admits the FK func-
tion

1 I(v)

A(w) = )2. (57)

e If we have the on diagonal estimate for all
r € M,
C
<

Kt(xax) ~ f(t)j
where f is an increasing positive function, sat-
isfying the regularity condition (%) below, then
for all t > 0 and D > 2 and for some ¢ > 0 we
have

(58)

C d?(z,y)
exp(— ). (59)
f(et) 2Dt

(x) Regularity: There are numbers A > 1 and

a > 1 such that

Kt(CC, y) é

ff(gj)) < A% for all 0 < s < t. (60)
f example: If A > 1 and
f(2t) < Af(t), (61)

then (x) holds with a = 2.



e Remark:A general bound for the gorund state
energy for the multi-delta functions could be
proved using the upper and lower bounds given
above.

¢ Remark: How do we know that the above
formulae define actually a quantum Hamiltonian
Hp after the renormalization?

We have a formula for the resolvent, how do
we know that this is the resolvent of a Hamil-

tonian, i. e., there is a closed densely defined
self-adjoint operator Hp such that,
1
R(z) = 62
()= (62)

This is the case iff the resolvent family satisfies
the resolvent equation on an unbounded region
A of the complex plane,

R(21)R(22) = (21 — 22) "1 (R(21) — R(22)) (63)
and there is a sequence (, € A such that (x| —
oo and

|[¢nR(Cn) + 1]9|| = 0 as n — oo (64)

for all ¢ € 'H. Using the above set of inequalities
we can prove that there is a quantum Hamilto-
nian Hp. (an alternative is to use the Kato’s
theorem of Resovent convergence).



e (with F. Erman) we introduce the nonrelativis-
tic Lee model

He= Ho+ Hj, (65)

Ho= [ dgw 61(@) (—5 V2 +m) (), (66)

+ A [ dgr pelw,a) (#(2) o— + 61 (@) oy )
#f there is a conserved charge

1—03

Q=32+ [ dwel@ae@  (67)

e the Hilbert space of the theory is Fg(H) ® C2.
Regularization of this theory is best done by the
heat kernel. In fact the natural choice forpe(z, y)
is the heat kernel.

_V_§ | Y —(m—E)t
< z|( 2m—|—m E) *y >= /O dth/Qm(a:,y)e :
(68)
( Hy — FE A fmdgr Ke(z,a) T () )
A Jpmdgr Ke(z, a) ¢(x) Ho — E + p(e) °

(69)



Define a Green’'s function on the Fock space,
using a formula of Rajeev:

Re(E) = — =<O‘BT), (70)

He — F B 9
where
1 1 1
— bt o7 1(E) b
“ = g B tH gt P By g
1
= —o-NE)b
B ¢ (E) Ho— E
6 = o H(E)
b = )\/Mdg:c Ke(z,a) ¢(x) . (71)
d(F) is called the principal operator
P (E) = Hg— E+ pu(e) .
=22 [ dga dgy Ke(z, a)Ke(y, a) ¢(a) o' (v)
o—
a b\ ! [« el (72)
b d S \8 &)
o = a,_l—I—a,_lb-‘-[d—ba,_lb-‘-]_lba_l)
1 = —a= 1l (d - ba=1bl) ™1
§ = (d—ba 1)1



We need a commutation relation for the normal
ordering:

1
T —
P OR

/M dgx’ o' (z) /O ds e s(Ho—E+m) KS/Qm(x, z')

®(E) = Hg—E — A2 /6/2 ds /M dg dgy K, jom(@, a)
x K, jom(y,a)pl (z) e 57/ Hot2m=E) 4,
+ule) — )\2/ dsKS/Qm(a,a) e~ (s—&)(Hotm—E)

The last term is divergent! We can cure this by
choosing u(e) as

(&) = 422 [T dsK, g, (a,a)e= ) (73)

As a result we find the principal operator:

S(E)=Hyg— E+ u— )\Q/OOOds/Mdga:dgy
Ky jom (@, ) K jom (y, a) ¢! (z) e~ Hot2m=E) ()
+ A2 /OOO dsKS/Qm(a,a) [e_s(m_“) — 6_8(H0+m_E)] :



e [ he bound states are solutions to the equation

P(E)|V >=0 (74)

e rigorous estimates on the ground state energy

P(E) = K(F) -U(E), (75)

K(E) =Ho—E+pu, (76)
U'(E) = K(B)"12 U'(E) K(B)7/2
®(E) > K(E)?(1 - U(E)K(E)Y?. (77)

If ||U/(E)|| < 1, the operator is positive and
hence no zeros appear. It can be shown that,

A2 (2) [oo

"TF/2)2 /o

L duq dus dus
) -+ uz — 1
/o (a1 1)1/ (u1 +ux+uz—1)

[l

—s(nm~+pu—F)

|1U(B)|| < sds e

1/2
[KS(U1+U3)/m(a’ a) Ks(u2—|—u5>,)/m(a7 a)]

Cartan-Hadamard manifolds, which are geodesi-
cally complete simply connected non-compact
Riemannian manifolds with non-positive sectional
curvature bounded from above by —K?



[e¢ Cartan-Hadamard Theorem: A complete,
simply connected Riemannian manifold with non-
positive sectional curvature is diffeomorphic to
R"™. (these are called the Cartan-Hadamard man-

ifolds)]

C
(s/2m)3/2"
Closed compact manifolds with (Wang) Ricci
curvature bounded from below by —k.

(78)

Ks/zm(xa w) S

+C(k, V(M) (s/2m) "3/,
(79)
Egr > nm —+ u — n2\* F? (80)

KS/Qm(a, a) < VD

e Mean Field Approximation

aa@)=7mdm_E+M+qggﬂmK%mmﬂ)
« [e=s(m=p) _ o—s(nho(u)+m—E)

o0
_ n)\Q/O ds /M dgx dgy KS/Qm(m, a) KS/Qm(y, a)



u*(m) e—s(nho(u)—I—Qm—E) u(y) ’ (81)
called principal function and we have defined

u\xr 2
ho(w) = [ dg ('Vg;)' +m|u<x>|2> (82)

We should solve the equation ¢(FE,u) =0

X nho(u) — E
v(z) = [2m@m+ )] 3 %u(z), (83)

new wave functions v(x) are normalized with re-
spect to the new metric g;; = [2m(2m + x)]gi;

2 2 __
/M dzx [v(x)|© = /M dgx |u(z)|“=1. (84)

a dimensionless parameter s’ = (2m + x)s,

2m +x) "2 (x + p
+ A’ /OOO ds Kg/om(a,a) [e_s(m_“) — e_S(X_l_m)} )

oo
= n)\2(2m)3/2/0 ds’

2
o
e S

//\/l dzx Ky(z,a;g)v(z)
nU
the inverse function of the left hand side f1(nU),

g




x = fi(nU), (85)

E=nm+42mnK[v] + (nK[v] —1)f1(nU) , (86)

Interesting case if nK[v] < 1, compact mani-
folds.

nA2 1 00
< — _ _—s(x+2m)/2
><—I-LL_X_I_Qm[v—|—2m/O ds(1 — e )

X

4+ X ;jm)K[v]] .

the upper bound estimate of the heat kernel for
closed compact manifolds with Ricci curvature
bounded from below by —k, taking the integral
with respect to s, we find that

x+u < X”f;m 1+ (X+2m) K[v)

o + V2 ()P A+ 2m) ]

For this to be true,

Egr > nm+ 2mnK|v]
— (1 —nK[]) (Bin®/? + Bon'/3 4+ B3+ - )



e [ hus the energy per particle is finite as n — oco.

e One can go through the same thing for the
relativistic bosons(with B. Kaynak):

Ho = [ dgw:6/@)(-V5 +m)o()

He = (o7
+ A®e) /M dgrKe(a, )
(6 (@)op + ¢ (2)o),

where . denotes the normal ordering and
(b(‘") refers to the annihilation operator part and
similarly qs(—) refers to the creation operators.

we need the subordination identity for positive
operators:

—sA __ VT /OO du —32/4u€—uA2 (87)

e = ~—5 e
2 0 u3/2



P(E)

|
R
o

|
&
_|_
E

2 2
0 u11’>/ 0 ug’/

X K€—|—U1(a7 y)Ke—I—uQ(aa x)
< ¢(—)(y)6—S(Ho—E)¢(+)(I)




®(B) _ (Ho—E) | up
o AV IR
_ﬁ 00 00 _52/4 Ku(a,a)
2 /O du/o ds se Ja(Hg — E)
<1~ sva(Ho — B) + s?u(Ho — F)3
_ e~ sVulHo—E);
_r 3. 43
4/d xd y/ ds 52
—82/4’LL1 —52/4u2

d d
u u
Jdur Sy [ dua

X Kuq (a, y)Kuz(a7 z)
¢(—)(y)€—S(Ho—E)¢(+)(x)

u

e there is a wave function renormalization!

e=(7) w=(s)

the new one should be,

Z(e)X— = X— X+ = X+- (89)

e [ his makes all the elements of the Resolvent
finite!



## one should also choose pup such that E = puy
becomes a zero of & for the vacuum |0 >.

Then the answer in the flat case can be recast
into the form:

B A2 [d3p]
®(E) = (Ho — E+ pp)(1+ QR/w(p)
(Ho — E4+ w(p))(w(p) —up) w?(p)

3,73
S TR : a(a)

2
AR/ \/4w(p)w(q) Ho — E + w(p) + w(q)

& further problems:

show that the Hamiltonian is bounded from be-
low

show that the mean field theory gives a nice
answer

show that the above formulae really define a
quantum Hamiltonian

e [ hank you for your patience!



d ,DY dy . dvy
Y) = —g(R(Y,—)—,Y
dsg(Ds’ ) \g(( ds)d,s ),
>0
DY DY
90
+ oo o) (90)

"

>0

e geodesic deviation-Jacobi fields

DQY dfy d'y

=0, (91)

e sectional curvature This is a map from two
planes of the tangent space to R:

K G?“Q(TM) — R
R(U, V)V, U
KUV o(RUVIV.U)
If the sectional curvature is everywhere negative,
then there are no conjugate points.




i Density of states, discontinuity accross the
branch cut:

) (92)



e why heat kernel? Fundamental solution to
the heat diffusion in a medium. Balance egn +
current law:

oT
o TVG=0, j=—rVT. (93)
e Initial temperature given T'(z,t = 0) = h(x)
T(2,6) = [ dgz Ki(w,)h(y),  (94)

solves the initial value problem.



& (Digression) geometric invariants:
Tre 189 = /dgCCKt(CC x)

L 22 (/dga:uk(a: x)) tFast— 0T

(47Tt)”/
geometrlc |nvar|ant

Q

If two manifolds are isospectral then these in-
variants should all be the samel



oX™m(v) . ob(—v2)
5, = (AT, ATW)

@)
— /O dt 2ute™ 'S Ky(az, a;) AT () AT (v)
1,J

= S I3 AP ¢ (a;)]?2v /O * vdte— W2+t
A )

2u| Y3 AT (V) px(a;)|?
— Z ()\2 + VQ))\Q

> 0. (95)
A



