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1. INTRODUCTION.

In these Lectures we shall deal with some mathematical problems that arise when one
deals with low-dimensional field theories (LDFT’s). As a special case, the definitions we shall give
below encompass also the case of Classical (point) Mechanics, that can be thought of as a zero-

dimensional field theory.

For the time being we shall consider only elasstcal ficld theorics. Quantization of such theorics

will be dealt with later on.

In general terms, a classical field @ is a continuous map:

@: M—N (1.1)
from a topological space M to a topological space N. The set of such maps will be denoted hy:
Map(M,N), or by NM, Usually M will be a spacctime manifold, and we will often (though not always)
take M= RPT for some space dimension D, while N will be (again, often but not always) a compact
topological space, the space of field values. The space of maps NM will be denoted as the carrier space
for the dynamics of the field ®. We list below some examples of classical fields, exhibiting also

examples in which N is not a compact space:

i) Classical point Mechanics with a finite number of degrees of freedom can be viewed as a zero-
dimensional (D=0) field theory for which M=R (the time axis) and N=Q), the configuration space,
which is typically an n-dimensional differentiable manifold for some integer n, the number of degrees of

freedom.

il) Classical ordered media [5] (ferromagnets, liquid crystals, superfluids, superconductors etc.) are
characterized by an order parameter field ® which i1s a map from space to an order-parameter space N
which is sometimes a Lie group (e.g. N=U(1l) for planar spins), a vector space ((N=C for superfluids
and superconductors, which can be reduced again to U(1) if the magnitude (but not the phase) of the
order parameter is kept fixed), or, more often, a coset space (e.g.: N=SO(3)/S0(2) ~ SU(2)/U(1) ~ s?
for three-dimensional spins of fixed magnitude). In this case, the whole of M is identified with space,
and time is absent. The theory of defects in ordered media deals with the classification (and the
combination laws) of singular (static) field configurations or, equivalently, with the classification of
smooth field configurations on a space M ~ RD for some D from which however some points, lines or

planes have been removed (dealing then respectively with point defects, line defects or domain walls).



i) If one does not bother too much about the origin of Planck’s constanl, Schrodinger’s Quantum
Mechanics can be viewed as a classical field theory with M= R*~ RxR> and N= C. Thus, the carrier

space for Schrodinger’s Q.M. is: Map(R x R3, C).

iv) Nonlinear o-models, in their simplest version, are field theories in which, at every point of

spacetime, the field is a vector of fixed length:
$x)e RPvxe RPHL 3x). )= 1 (1.2)

Therefore: M= RPT! and N=$2. These models can be generalized to ® taking values in coset spaces

more general than §?, and we will be interested mainly in the cases D=1 or D=2.

v) Clagsical Electromagnetism is described, on a (D+1)-dimensional spacetime, by a set of real-valued

gauge fields AH’ p=0,1,....D. Hence: M ~ N ~ rD+1,

Up to now we have only assumed both M and N io be topological spaces with no lurther
qualifications, and no topology has been given on NM. Perhaps the most commonly adopted topology
on the (infinite dimensional) space of maps is the so-called compact-open topology (see the Glossary at
the end of these Lecture Notes). As lo M and N themnselves, the examples listed above show that they
usually have a richer structure than that of being simply topological spaces. A minimal set of
assumptions that are necessary in order to do calculus and integration on M (see again the Glossary for
the relevant definitions) is that M be Hausdorff and paracompact [2]. Then it can be proved that M ,
with the compact-open topology, is a Hausdorff space as well. In many instances, M will also be a
differentiable manifold. Then, the Hausdorff separability condition is sufficient to ensure uniqueness
theorems for the solutions of differential equations on M. Paracompactness allows in turn for the
construction on M of partitions of the unity, a crucial ingredient in the theory of integration on
(noncompact) manifolds [8]. It can also be shown that one can always define a metric (a metric tensor)
on M if M is paracompact. As to N, it will be always either a vector space or a (compact) coset of a

(compact) Lie group, as in the examples discussed above.

What we have been describing up to now might be termed as the "kinemalics” of a classical
field theory, i.e we have only defined the relevant spaces together with their topological structure.

Dynamics is encoded in the action principle [1,5] which we now discuss briefly.



When equipped with the compact-open topology, the carrier space NM becomes a (infinite-
dimensional) topological space. One can then define functions on N (whiche are rather called
Junctionals in this context) and, in particular, conlinuous [unction(al)s. Among these, the Aclion
Junction(al) S[®] plays a key role in the definition of the actual dynamics of the field. At the classical
level, the physical field configurations are defined as those that make S[®] an extremum subject to
appropriate boundary conditions (e.g. that the field variations vanish at spacelike infinity and on two
prescribed timelike surfaces). To be more precise, we require S to be a continuous and differentiable

(e.g. in the Frechet sense) function(al), and define the physical field configurations as the solutions of:

65[9]=0 & 51—/\8[4)—1—)\\11]:0; ¥ subject to appropriate b.c.’s. (1.3)

In general, not all the fields in NM will be in the domain of the action functional. For example,
in an Euclidean field theory only fields that lead to a finite action will be allowed or, if M is Minkowski
(or Galilei) spacetime, only fields that lead to a finite action and to a finite total energy will be
allowed. Quile often, in problems in Condensed Malter Physics or in Statistical Mechanics one adopls
periodic boundary conditions in space and/or in the imaginary variable that replaces time. In such a
context, only fields obeying the prescribed pbe’s will be allowed. How this may (and in fact does) lead
to an effective redefinition of the ”base” manifold M will be discussed in a later Section. We only stress
here that the datum of an action functional as a constitutive part of the theory leads in general to a
restriction of the carrier space from the whole of NM to the subspace of fields that lead to a

meaningful action.

Let now M be a differentiable and orientable manifold, and let {2 be a volume-form on M (i.e.
a nowhere vanishing form of maximal rank). Under the assumptions listed previously, integration can

be defined on M. The action functional will be called local iff it can be expressed in the form:

s{e= | 20109 (1.4)
M

where £(x) is a function depending pointwise on the field ®(x) and on its derivatives up to a prescribed
(finite) order. Only those fields will be allowed that are in the domain of S in the sense specified above.
L(x) will be called the Lagrangian density of the theory, and the action principle will generate the

equations of motion in a standard and well-known way.
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We give now some examples of Lagrangian densities. In all the cases considered here

M=RDP L for some D and Q is the Lebesgue measure on M:
i) In point-particle mechanics, M=R, (2=dt and £ is (or can be) a Lagrangian of the standard type.

ii) Schrodinger’s Quantum Mechanics for a spinless particle can be derived by an action principle whose

Lagrangian density is given by:

2
Lx)= Lovy Vot 4 Vit +% (¥, — w0, 0) (1.5)

2m

ili) A typical Lagrangian density for an SO(3) nonlinear o-model is given by:

L(x)= i(a &) (013) (1.6)

(#=0,1,...,D) where g is a coupling constant and 3 is subject to the constraint (1.2).

iv) Classical Electromagnetism in vacuum is described by the Lagrangian density:

L(x)= 30 F 1Y 5 =0, 0,0, A, (1.7)

The non-abelian generalization of iv) is:

v) Pure Yang-Mills theory, where the fields take values in (the adjoint representation of) the Lie

algebra of U(n) for some n, and the Lagrangian density is given by:
t=—limr PRV R =0, A0, A 4 [ A A (1.8)
A et 5 S = Ot O ety -

vi) Pure Chern-Simons theories are defined, for D=2 (but they exist also in spaces of arbitrary even

dimensions) by:

k v ,
L= Eel‘” A DAy (1.9)



in the Abelian case, and by:
_ ko, WA{ : 2 }
L= Tre *’4;101/“4)\"'3*’4;1“41/“4,\ (1.10)
in the nonabelian case.

vil) The minimal coupling between a self-interacting complex scalar field ¢ and an abelian gauge field

.AN can be described by the Lagrangian density:

L(x)= 5D ) (Do) V(o)L , 1 (1.11)

where: Dﬂzau—iejtﬂ is the covariant derivative and e is the coupling between the scalar field and the
gauge [ield. A typical choice for V is: V(|¢|2):%(|¢|2—F2)2, b >0 and F real. It can be shown thal the
associated energy density for static field configurations and for vanishing electric field , F,.=0 i=1,2,3,
is of the same form as that of the free-energy density appropriate for the description of type-II

superconductors in the framework of the Landau-Ginzburg theory [5].

Let now G be a group of orientation-preserving diffeomorphisms of M (a subgroup of the
full (infinite-dimensional) group Diff(M) of the diffeos of M), having a prescribed lifted action 6! to

the space N of the field values, 1.e.:
g €6 xm g(x) = D) D)= (g O~ () ' € 6 (1.12)

(e.g.. M could be ordinary spacetime, G the Euclidean, Galilei or Poincare’ group and fields could
transform as scalars, vectors or higher-rank tensors under the respective groups). Usually, the
requirement that G be an invartance group of the theory means requiring that G (and GT) map
solutions of the ficld cquations into solutions of the same cquations, i.c. that the theory be ”covariant”

under the action of G. This will be granted if the action itself is invariant, i.e. if:

Slgld] = S[@] Vge G (1.13)

For this to happen, we require that the (volume) form of maximal rank £ be invariant under

the appropriate action of the group G. In the most common cases M=RDH1 i ordinary spacctime, G is
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the Euclidean, Galilei or Poincare’ group and the volume element itself is invariant under the group
action. It follows then thal the Lagrangian densily must be a scalar, i.e. thal il remains invariant

under the group action: L(x)—&'(x")=L(x).

Note however that it is not always possible to find strictly invariant Lagrangians in the sense
specified above. It may happen (and this is notably the case with the Galilei group in point-particle
Mechanics) that the Lagrangian changes by a total time derivative (when D=0) or by a total
divergence (in the language of forms, £’Q differs from £ by the addition of a closed form). 1 G is a
compact group, a strictly invariant Lagrangian can be recovered by averaging the given one over the
group with the Haar measure. For noncompact groups (like the ones mentioned above) the situation is
slightly more complicated. As discussed in the literature [5], in order to find strictly invariant

Lagrangians it is then necessary to enlarge the spacetime manifold and, correspondingly, to go over to

a central extension of the group G.

Let us stick however to the casc when a strictly invariant ”Lagrangian form” L8 can be
found. The case in which ( itself is invariant need not be the most general one. If the standard volume
form is not invariant, then £ itself must transform as the (strict) component of a volume form. Said
otherwise, if under a coordinate transformation the volume clement picks up a jacobian, then £ must
transform by acquiring a factor of the tnwerse of the same jacobian, i.e. it must transform as a density
(or a O-current in the terminology of deRham). In general, therefore, local (and invariant under the
appropriate group) functions on NM can be defined by integrating forms of maximum rank (volume

forms) on M.

A note on quantization.

Consider again the space of field configurations, Map(M,N)= NM, now from the point of view
of connectedness, and in particular of path connectedness. A path in NM connecting any two given field
configurations, i.e. any two "points” in NM7 ®,(x) and @,(x), x € M, will be a continuous map:

¥ =N st w(0) =, w(1) = 9, (1.14)

where: [= [0,1] is the unit interval.

Equivalently, by the so-called Cartesian property of maps[6]:



¥ € Map(l.Map(M,N}) ~ Map(lx M,N) (1.15)

U =T(rx); T(0x) = (x); ¥(lix) = Py(x) VXEM (1.16)

It is therefore obvious that the statement that there is a path in M connecting ®; and @, is

the same as saying that there is a homotopy connecting the two field configurations:

Each path-connected component of NMI 15 composed of pairwise homotopic field configurations

and, viceversa, any two homolopic field configurations lie in the same path component of M

The decomposition of M into (path) connected components is therefore the same as the
decomposition into classes of mutually homotopic paths, or komotopy sectors. Denoting as usual by w
the set of (path) components of a topological space (the zeroth homotopy group), the homotopy sectors

will be classified by ﬂ'O(NM). An equivalent notation will be my(Map(M,N)).

A local function(al) on Map(M,N) which is constant on each path-connected component
(equivalently, on each homotopy sector) will be called a topological action. In other words, a
topological action is a function on WO(NM). If WO(NM):O, only trivial (i.e. globally constant on NM)
topological actions will be allowed and, for obvious reasons, these will be omitted from our

considcrations.

It is quite obvious that small variations of the action (1.4) around any given field configuration
lying in somec homotopy scctor of NM will not be able to sample ficld configurations lying in other
sectors. Otherwise stated: 6S=0 if S is a purely topological action. Therefore the addition of a
(nontrivial) topological action to (1.4) will be harmless at the classical level, i.e. the equations of

motion will be left unaltered by such an addition.

The situation changes however when we proceed to quantize the theory. In a path-integral
approach to quantization, each field configuration ¢ has to be weighted by the ”Feynman factor”
exp{iS[®]/h}, and the addition of a topological action can result in quantum interference effects
belween the coniribulions o the path-integral coming [rom dilferent homolopy seclors which are

undetectable at the classical level.

Inequivalen! quanlizalions [1,8] arising in this way are therefore related to the structure of
To(Map(M.N)). How to actually compute the zeroth homotopy group of the space of field

configurations will depend on the topology of both the base and the target spaces M and N. Deferring



9
details to a later Section where we discuss the calculation of homotopy groups, we only quote here

some results.

If, for example, M=§" , n=D+1, as it happens when one performs a one-point compactification

of IRD—H, maps from M to N are classified by the n-th homotopy group of N, and one can prove that:

To(Map(S™.N)) ~ 7 (N) (1.17)

For N=S2, for example, we have: WI(SZ):O, 7T2(§2)z7r3(§2): Z. A more complete classification
of the homotopy groups of spheres can be found in the literature, as well as the discussion of the

homotopy classification when M does not result from a one-point compactification.
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SECT. 2. HOMOTOPY AND TOPOLOGICAL INVARIANTS.

When we deal with the dynamical evolution of physical systems on some carrier spaces we
usually assume that some initial configuration of our system evolves at least continuously to some final
configuration. This assumption has the important conscquence that topological invariants, i.c.
attributes of the carrier space of topological nature, behave like “superselection rules”, i.e. the

dynamical evolution being continuous cannot change these topological invariants.

Many topological invariants arise as algebraic structures like homotopy groups, homology

and/or cohomology groups, etc.

Given two topological spaces, consider: Map(M,N) = NM, i.e. the set of continuous maps from
M to NLIf [; and [, are two maps in NM7 we say thal [ is kemoelopic Lo [, which we wrile as: [} = [,,
iff there is a continuous map:

F: IxM —=N; 1=10,1] (2.1)
such that, for every m € M:

F(0,m) =f,(m), and F(l,m)=f,(m) (2.2)

The map I is referred to as a homotopy between f; and f,, Thus, homotopy divides NM into
homotopy classes, denoted as [M,N]. The equivalence class [f] € [M,N] has an obvious meaning. Tf we

replace N with a homeomorphic copy N° we get a natural identification of [M,N] with [M,N].

A space M is said to be of the same homotopy type of a space N iff there exists a continuous
map f: M—N such that f, even though it need not have an inverse, has a "homotopic inverse” g:

N—M, this meaning that if we denote by HM] and ”N the 1dentity maps on M and N respectively, then:
[fog]l = [Iy]: [gof]l =yl (2.3)

If this is the case, we shall write: M ~ N. We will also refer to this situation by saying that M
is homotopy equivalent to N. Therefore, when computing homotopy invariants, we can freely replace M

with N.

As an example, it is easy to show that R™ and a point are of the same homotopy type. This is
a corollary of a general theorem [2] stating that a topological space if of the same homotopy type as a

point iff the identity map is homotopic to the trivial map mapping the whole space to a point. For
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R"™, choosing the given point as the origin, the required homotopy F=F(t,X) is provided by: F(t,%X)=

L X.

It should be noticed, however, that dim(R™) is a topological invariant. Therefore, the

dimension of a topological space is not an invariant of homotopy type.

When studying spaces of maps, the Carlesian property already mentioned in the Introduction

1s very useful, namely:

Map(M,Map(N,P)) = Map(M x N,P) =2 Map(N x M,P)

or (2.4)

A gystematic study of the topological properties of a given carrier space @ starts with the

space of paths:
PQ = Map(1.Q) = Q! (2.5)

This space is usually given the compact-open topology [7] (see the Glossary ai the end for a

definition of the latter).

In the compact-open topology the natural projection:

Q- QxQ by: 5 (7(0),7(1) (2.6)

can be shown [7] to be continuous and open. The fiber of this projection at (qy.q;) € @ X Q consists of
all paths originating at q; and ending at q,. Therefore, if F is a typical fiber, then [ x[F is the space of

loops at .

An equivalence relation can be defined on @ by setting q,, ~ q, iff there is a path joining q, to
qq. The set of these equivalence classes is an homotopy invariant of @ and is denoted by 7,(Q), the

7zeroth homotopy group” of Q.

There 1s a dual point of view to look at these equivalence classes which makes use of the
algebra ¥(Q) of continuous functions on Q. The subalgebra of locally constant functions contains the
subalgebra of globally constant functions. The quotient as vector spaces, i.e. the set of equivalence
classes defined by locally constant functions which differ by a globally constant one, defines the number

of connected components. These equivalence clagses are however coarser than those defined in terms of
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paths, to the same extent that (see [Glossaries.I]) connectedness is coarser than path-connectedness.

Indeed, a locally constant function will have the same vale on q, and on any path originating from q.

To investigate other topological properties of ) one may consider the number of path-
connecled components of Qﬂ, and then coniinue with (Q“)” ~ Qﬂ27...7 Qﬂn elc. By using the equivalence
condition, two points v,,v; € Q” are equivalent iff there is a path connecting them. As already said in
the Introduction, we find that we are actually defining a homotopy between v, and 7,. Thus, path

connected components in Q” classify homotopic paths in Q.

Again, we may look at locally constant functions on QI] that are not globally constant. If Q is
a manifold, possible candidates (o such a role can be constructed by using 1-forms on @, i.e. they are of

the form:

FH(’y) = JQ (2.7)

with # a 1-form on @ and v any path with fixed endpoints +(0) and (1). If, in the compact-open
topology, we take a neighborhood where the compact set in [ is: K=0l while the open set U in @ is
some open set containing ¥(0) and (1), Fy will be constant in such a neighborhood if: F g(y,)=F4(7,)

for any two paths v; and 7, in the neighborhood, i.e. iff:

[o =10 (2.8)

" 72

By Stokes’ theorem, we have that Fy will be locally constant iff df#=0. Therefore. locally
constant functions will be defined by closed 1-forms, while globally constant functions will be defined
by exact l-forms. Thus again we can investigate path components of Q” by using closed l-forms on @

that are not exact.

We can continue this way by looking at path-connected components of QU x1 by using locally

constant functions defined in terms of closed (but not exact) 2-forms and so on.

Our previous remark on the fact that path connectedness is finer than connectedness means
again that looking at closed forms modulo exact ones will not capture all the finer aspects of
homotopy. Indeed, it 1s clear that a function will be constant on a path independently of the
parametrization of the path itself. Also, the constant path at q; and yo~y ™~ ! for any path v originating
at g, will not be distingnished by a locally constant function. These comments should be enough to
point out why 1in some physical situations we shall use differential forms in order to discuss some

homotopy invariants.
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Properties of path spaces.

We recall that a path in @ is a continuous map 7: | — Q (not to be confused with the

continuous image of I in Q). ~ "originates” or starts at ¥(0) € Q and ”terminates” or ends at (1) € Q.

A closed path, or a loep, at gy € Q is a path starting and ending at g, The constant path:
v(I) = qq is called also the null path or the null loop at q,.

The #nverse of a path ~ ¢ QH is the path v ' e QH defined by the rule: +~ 1(t):7(l—t). The
product of two paths 7, and ~,, written as y; 07y, , is defined only if ~;(1)=74(0), and is the path:

7126, te(0, 3
(71 07)(t)= { (2.9)
15(2t-1) , te 1]

We shall consider always Q”

with the compact-open topology. Given qg, q; € Q, the subspace
of Q” consisting of all the paths starting at g, and ending at q; will be denoted by: (@5 qg,qq). It is
the fiber 7~ 1(qo,ql) in the projection m: PQ — Qx Q. Of course, it is not empty iff q; and q; are in
a common path-connected component of Q. In the case when qy=q,;=q we write simply Q(Q; q) for
what will be called henceforth the loop space of Q based at q. The main advantage of choosing the

compact-open topology on Q” is that the path (and in particular the loop) operations of composition

and of taking the inverse turn out to be continuous. Indeed, we have the following results:

i) The mapping: Q(Q; qn,q,) — AQ; q,,9) by: v — 7~ 1 is a homeomorphism.

ii) The mapping: Q(Q; q,,q;) X Qs qp.a9) — Q5 qpsas) by: (77574) — 71 07, Is a continuous
mapping.

iii) If n € Q(Q; q4) is the null path, the mapping: v — v o n of Q(Q; qg,q¢) onto itself is homotopic to
%, and so is the mapping: 7 — 5oy of Q(Q; qq,q,) onto itself.

iv) As for associativity and inversion:
a) The mappings:
(Yorr1:72) = (Y00 711) 07 (2.10-a)

and:

(YoryorY2) = Yoo (11 074) (2.10-b)
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of Qs qg4p) X AQs aq,u,) X AQ; qy,q5) into Q5 qg,q5) are homotopic.

b) The mapping: Q(Q; q4,q;) — AQ; q,) by: v+~ ~ o4~ 1 ig null homotopic, as well as the

map: ’yH'y_low.

i

By using the equivalence relation: y, ~ v, if they belong to the same path component in Qﬂ,

we can restate onr previous statements by saying that:

(70071‘) 0y 700(71 072) (2.11)

yoy lem vy oy yonznoyxy (2.12)

It 1s also casy to prove that:
N=T1:72=T2 = 1191227197, (2.13)

By taking any path v € (Q; qq,q5) we can define a transition map:

TR AR a,ay) — AQ; a,a5) by: () = 7107 (2.14)

and similarly:
v QAR apa) — AR apa) by v (ve) = very ! (2.15)

The transition maps are continuous, and each TR WL) is a homotopy equivalence with
homotopy inverse (y~ 1)R (v~ 1)L). Two transition maps are homotopic: yg =~ 8 (v, =~ fp) iff
v~ f. In particular, every path v € (Q; q4,q5) induces a homotopy equivalence between Q(Q; qq)
and Q(Q; qy).

This remark allows us to conclude that, from the homotopy point of view, Q(Q; qg) can be

thought of as a typical fiber of the fibration:
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P4,(@) = Qq (2.16)
where f’J')qU(Q) is the space of paths originating at g, and Qqu stands for the path connected component

of @ containing g,

The loop space we are considering is a topological space with continuous multiplication similar
to the continuous multiplication in topological groups. The properties we have found on loop spaces
can be formalized in the following definition:

An H-structure I' on a topological space @ is a continuous map:
1 QxQ—Q (2.17)

with the requirement that there exists an element e € @ such that the maps: q—I'(q,e) and: q—TI'(e,q)

are homotopic to the identity map of Q. Q itself will be called an H-space.

The simplest example of an H-structure is provided when Q itself is a group manifold. In such

a case [ is the group composition law and the homotopy is provided simply by the identity map on Q.

As it happens with other algebraic structures induced on Map(X,Q) from existing structures on

Q, QX turns out to be an Il-space if Q is.

The relevance of the existence of H-structures resides in the fact that all the various

constructions we have for topological groups can be adapted to H-spaces.

The most relevant property ol H-spaces [rom our pointl ol view is that the [irst homotopy
group of any H-space is abelian, very much like it happens for topological groups. The correct

statement goes as follows: The fundamental group of any path-connected H-space is abelian.

Example: Among spheres, the only ones that are H-spaces are §0 sl 63 and $7. Note that S is a
trivial manifold, $! and $* are group manifolds (of U(1) and of SU(2) respectively), while $7 is not a

group manifold (but is parallelizable, see below).

In order to investigate the homotopy properties of loop spaces, it is useful to define a
composition law among loops on Q. To obtain a composition law one usually makes the additional
requirement that maps between pairs of spaces must preserve a base point. We have then to use based

or pointed maps.























































































































































































































































































